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1) Explicit method

1) A thin plate is subjected to boundary conditions as shown in the following problems where

Sheet seven

the plate is large relative to its thickness (one dimension unsteady state)
Use the explicit method to determine
a) The nodal finite-difference equations
b) The nodal temperatures after two time steps (i.e. at t = 2At)
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2)Implicit method

2) A thin plate is subjected to boundary conditions as shown in the following problems where

the plate is large relative to its thickness (one dimension unsteady state)
Use the implicit method to determine
a) The nodal finite-difference equations

b) The nodal temperature after two time steps (i.e. at t = 2At) using Gauss-Seidel Iteration
with relative error of (2.a € = 0.001, 2.b e = 0.005, and 2.c € = 0.005,).
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Problem 2.c
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g =108 W/m3
k=204W/mC
C = 908] /kg C
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3)Crank-Nicolson method

3) A thin plate is subjected to boundary conditions as shown in the following problems where

the plate is large relative to its thickness (one dimension unsteady state)
Use the Crank-Nicolson method to determine
a) The nodal finite-difference equations

b) The nodal temperature after two time steps (i.e. at t = 2At) using Gauss-Seidel Iteration
with relative error of (3.a € = 0.001, 3.b & =,0.005 and 3.c € = 0.001).
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p = 2700 kg/m3
Ax = 0.05m
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k 204

* = oxc T 2700 908
aAt  8.3211 X 1075 x 1

Ax? 0.052
= 30.04

=8.3211 X 10™°m?2/s

= 0.0332844 < 0.5
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a) The nodal finite — dif ference equations
Node 1

k100—Tf+kT2i—T1i A Ti+tl— Tf Ax
= _— X —
Ax Ax pAXCThY K
100 — T + Tl'—Tl‘:1 i+1—lTi
1 2 1 /1 1 /1 1

(30.04 —1—1)T{ +100 + T} = 30.04 T{*!
T{*! =3.33 + 0.93T{ + 0.03T}

Node 2

T — T Ti— T} Tit1— Tf Ax

k + k = pAxc——-= X —
Ax Ax pAXCTh k

Ti_Ti+ Ti—Ti:l i+1_1 i

1 2 3 2 2 2 2 2

(30.04 —1—1)T + T{ + Ti = 30.04 Tit!
Tit1 = 0.93T4 + 0.03T} + 0.03T%

Node 3

Tf — T4 T} — Ti Titl— Td Ax

k + k = pAxc——>  x—
Ax Ax YY" k

Ti_Ti+ Ti—Ti:l i+1_lTi

2 3 4 3 2 3 2 3

(30.04 —1—1)T¢ + T} + T} = 30.04 Tit!
Titl = 0.93T: + 0.03T! + 0.03T}

Node 4

TS — T} 50 — T} Tt — Tf Ax

k + k = pAxc—=% x—=
Ax Ax pAXCTh k

Ti_Ti+ SO—Tl:l i+1_lTi

3 4 4 =74 714

(30.04 —1—1)T} + T + 50 = 30.04 T}™!
Tit1 = 1.66 + 0.93T} + 0.03T% +

b) Thenodal temperature
T{t! =3.33 + 0.93T} + 0.03T%
Tit1 = 0.93T4 + 0.03T} + 0.03T4
Titl = 0.93T: + 0.03T% + 0.03T}
Tit1 = 1.66 + 0.93T} + 0.03T% +

after time =1 sec.

T¢ =3.33 4+ 0.93T + 0.03T = 3.33 + 0.93 x 22+ 0.03 X 22 = 24.60
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T} = 0.93T9 + 0.03T + 0.03TY = 0.93 x 22+ 0.03 x 22+ 0.03 x 22 =22
T3 = 0.93TY + 0.03TY + 0.03TQ = 0.93 X 22+ 0.03 X 22+ 0.03 x 22 = 22
T4 = 1.66 + 0.93T + 0.03T9+ = 1.66 + 0.93 x 22+ 0.03 x 22+ = 22.93

after time = 2 sec.

T¢ = 3.33 + 0.93T¢ + 0.03T4 = 3.33 + 0.93 X 24.60 + 0.03 X 22 = 27.02

T# = 0.93T} + 0.03T{ + 0.03T4 = 0.93 x 22 +0.03 X 24.60 + 0.03 x 22 = 22.09
T# = 0.93TF + 0.03T4 + 0.03T} = 0.93 x 22 +0.03 x 22+ 0.03 x 22.93 = 22.03
TZ = 1.66 + 0.93T} + 0.03T4+ = 1.66 + 0.93 x 22.93 + 0.03 x 22+ = 23.80
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a) The nodal finite — dif ference equations

Node 1

A +k100— {+1+kTZL+1—T{+1_ A Ti+l— 1} ><Ax
qxz Ax Y k
gAx

. . IR R O
+ 100 = T{* + T4 — T = T — T

A A
1000000 x 0.0202 . i+1 1
+ 0961T{ +100 + T3t ' =1 +1+0961) T}

204
Ti*! = 34.430 + 0.325T{ + 0.338T}*!
Node 2
T1i+1 _ T2i+1 T3i+1 _ T2i+1 TZL +1 _ TZL Ax
jAx + k + k = pAxc—>2—— 2 5 =
a xz Ax Ax PEXCET N k
1Ax . . ) . 1 . 1 .
q - + Tll+1 _ T21+1 + T31+1 _ T21+1 — zTZL+1 _ ITZL
1000000 x 0.020? o . .
504 + 0961 T+ Tt + Tit = (1+ 1+ 0.961) Tit!
Tit1 = 0.662 + 0.325T + 0.338T}*! + 0.338Ti !
Node 3
T2i+1 _ T?£+1 Ti+1 _ T?f+1 T?f +1 _ T?f Ax
a x2 Ax Ax PEXCET N K
1Ax . . . . 1 . 1 .
q - + T21+1 _ Té+1 + Ti+1 _ 3£+1 — z 3§+1 _ ETEE
1000000 x 0.020? o . .
504 + 0961 Ti+ Tt + T = (14 1+ 0.961) Tit!
Titl = 0.662 + 0.325T% + 0.338Ti 1 + 0.3387/+!
Node 4
T3i+1 _ Ti+1 T5i+1 _ T4£+1 Tlf +1 _ Téf Ax
jAx + k k = pAxc——— X —
a xz Ax Ax PEXCET N K
JAx . . , . 1. 1
q - + Té+1 _ T4f+1 + T51+1 _ T4f+1 — IT‘f_H _ iTi
1000000 x 0.020? o ind L il i1
Ti*! = 0.662 + 0.325T} + 0.338T4*! + 0.338T¢H!
Node 5
GAx . Tt — 1itt Ax Tt — T 2Ax
1= T _TL+1 — - X
7 (T — T+ k= Py T At K
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c'IAxZ N 20xhT, 2Axh
k k k
1000000 x 0.0202 2 x 0.020 x 70 x 35

+
204 204
T = 0.821 + 0.323 T¢ + 0.672T} ™1

T5i+1 + 2T4i+1 _ 2T5i+1 — % 5i+1 _ %TSL

+0.961 T+ 2TfT1 = (2 +

1 4 2x0.020 x 70) i+l
1.040

204

5

b) Thenodal temperature using Gauss — Seidel Iteration with relative error of 0.005

T{*1 = 34.430 + 0.325T} + 0.338T; !

Tit1 = 0.662 + 0.325T% + 0.338T{*1 + 0.338T4*!
Titl = 0.662 + 0.325T% + 0.338Ti*1 + 0.3387/+!
Tit1 = 0.662 + 0.325T} + 0.338Ti*1 + 0.338T¢H!
Tt = 0.821 4 0.323 T¢ + 0.672T} !

after time =5 sec.
T = 34.430 + 0.325T + 0.338T4 = 43.195 + 0.338T}

T} = 0.662 + 0.325T) + 0.338T{ + 0.338T4 = 9.428 + 0.338T{ + 0.338T4
T3 = 0.662 + 0.325TY + 0.338T4 + 0.338T} = 9.428 + 0.338T} + 0.338T}
T¢ = 0.662 + 0.325T + 0.338T4 + 0.338T4 = 9.428 + 0.338T4 + 0.338T¢

Td = 0.821 + 0.323 T2 + 0.672T} = 9.546 + 0.672T}

thew — told
error = |——————————
Lold
i 0 1 error 2 error 3 error 4 error 5 error
T 1M | 27 |52.313 | 0.9375 | 55.422 | 0.0594 | 56.207 | 0.0142 | 56.461 | 0.0045 | 56.563 | 0.0018
T 2M | 27 | 36.21 38.533 39.284 39.588 | 0.0077 | 39.712 | 0.0031
T 37 | 27 |30.772 32.21 32.856 33.121 33.23 | 0.0033
T 41| 27 |28.936 30.096 30.577 30.776 30.858 | 0.0027
T 5M | 27 |28.997 29.777 30.101 30.234 30.289 | 0.0018
after time = 10 sec.
TZ = 34.430 + 0.325T{ + 0.338T# = 52.793 + 0.338T%
T} = 0.662 + 0.325T} + 0.338T# + 0.338T% = 13.554 + 0.338T# + 0.338T%
TZ = 0.662 + 0.325T4 + 0.338T# + 0.338T7 = 11.450 + 0.338T# + 0.338T7
TZ = 0.662 + 0.325T4 + 0.338T% + 0.338T2 = 10.680 + 0.338T% + 0.338TZ
TZ = 0.821 + 0.323 T4 + 0.672T7 = 10.608 + 0.672T}
tnew - told
error = |——————
told
i 0 1 error 2 error 3 error 4 error 5 error
T_172 | 56.563 | 66.202 | 0.1704 | 68.708 | 0.0378 | 69.513 | 0.0117 | 69.804 | 0.0042 | 69.932 | 0.0018
T 272 (39.712 | 47.13 49.514 50.378 50.757 | 0.0075 | 50.916 | 0.0031
T 372 | 33.23 | 37.785 39.538 40.367 40.711 40.853 | 0.0035
T_472 | 30.858 | 33.667 35.256 35.896 36.158 36.265 | 0.003
T 542 | 30.289 | 33.241 34.309 34.739 34.915 34.987 | 0.0021




3 G =10°W/m?
2€C k=72 W/mcC
TP=T)=T9=T10 =72 =25 C =449 J/kgcC
1 2 3 4 5
k 72 2.04016 x 10-5™ S oo e
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alAt  2.04016 x 107> x 20 I — .oy
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a) The nodal finite — dif ference equations V\/\/
Node 1 Problem 3.c
1 1 1
(100 +100) (Ti*'+1) (B +T) (TH+T) P T o
qAx + k 2 Ax 2 + k 2 Ax 2 = plAxc ! A7 ! "
2qAx?

. o o 2. 2, .
+ 100+ 100 —T{* = Tj+ T 4+ Tf — T — T} = =T} *1 — =T}

A A
2 x 1000000 X 0.0302 i o 1
— + (4411 —2)T{ +100 + 100 + T{*! + T} = (4.411 + 2) T

Tit1 = 35.094 + 0.376T{ + 0.156T}*! + 0.156T}

Node 2
(ri'+m) (mH+m) (BT+1E) (B +T)

qAx + k 2 A 2 + k 2 A 2 = plAxc

. . o o 2 2,
qMx 2)/k+ (T +Tf =Ty =Ty + T+ T - T3 =Ty =-T3 ¥ — =T}

A A
2 X 1000000 x 0.0302 o . . .
+ (4411 -2)TL + TP + Ty + TiTL + T = (4411 + 2) T

Tit1 — T} 2Ax

72
Titl = 3.899 + 0.376T% + 0.156T{*1 + 0.156T; + 0.156Ti*! + 0.156T
Node 3

(m+m) (m'+r) (W +r) (W' +T) i+1_ i
. 2 2 2 2 L Ml
qAx + k tk ~ phxe

Ax Ax
qMx 2)/k+ (T3 + T3 = T3 =T+ TP + Tf = T4 =Ty =-T3 ! — - T}

2 x 1000000 x 0.0302 o o -
+ (4411 = )T + T + Ty + T+ Tf = (4411 +2) T4Y

72
T3t =3.899 + 037675 + 015673 + 0.156T; + 0.156T;*" + 0.156T;
Node 4
1o i+1 | i 1 4 1 4T
(m+m) (mr+n) (7+7) (W +T) T - T) 24
: 2 2 Z i = - : -
idx + k Tk =phxc

Ax Ax ) ) At k
QqAx "2)/k+ (TS + Td =T =T+ T+ TE =T —T) =-Tf T ——Tf

A A
2 x 1000000 x 0.030? i e ™
— + (4411 = 2)T{ + T{T + T3 + TS+ TS = (4411 4+ 2) Tf

Titl =3.899 + 0.376T} + 0.156Tit! + 0.156T% + 0.156T¢t! + 0.156T¢

Node 5

q" = 800 W/m?



T 4T TN 4TS

ghx 7 7 Ax Tit'—Td 20x
—+q +k =p X

2 17 Ax Y k
gAx* 2Axq . . ) A 1 .

Tt AT AT T - T = ST - o T
1000000 x 0.030% 2 X 0.030 x 800

— + = + (2206 — DT+ Ti*1+ Tj = (2.206 + DT
T = 4107 + 0.376 T¢ + 0.312T,* + 0.312T§

b) The nodal temperature using GaussuSeidel Iteration with relative error of 0.001
T{*1 = 35.094 + 0.376T} + 0.156Ti*1 + 0.156T%

Tit1 =3.899 + 0.376T} + 0.156T{*1 + 0.156T{ + 0.156Ti*! + 0.156T4

Titl =3.899 + 0.376Ti + 0.156T4*1 + 0.156T% + 0.156T/*! + 0.1567T

Tit1 =3.899 + 0.376T} + 0.156Tit1 + 0.156T% + 0.156T¢H! + 0.156T

Tt = 4.107 + 0.376 T¢ + 0.312T{ 1! + 0.312T§

after time = 20 sec.

T{ = 35.094 + 0.376T + 0.156T} + 0.156T) = 48.396 + 0.156T}
T} = 3.899 + 0.376T9 + 0.156T{ + 0.156T + 0.156T4 + 0.156T%
T = 3.899 + 0.376TY + 0.156T4 + 0.156T% + 0.156T;} + 0.156T
T4 = 3.899 + 0.376T) + 0.156T4 + 0.156TY + 0.156T2 + 0.156T%
Td = 4.107 + 0.376 TY + 0.312T} + 0.312T = 21.309 + 0.312T}

= 21.101 + 0.156T{ + 0.156T4
= 21.101 + 0.156T4 + 0.156T}
= 21.101 + 0.156T4 + 0.156T4

tnew - told
error =
to d

i 0 1 error 2 error 3 error 4 error
T 1M 25 52.295 1.0918 53.567 0.0243 53.724 0.0029 53.749 0.0005
T 271 25 33.157 34.162 34.325 34.357 0.0009
T 37 25 30.171 31.062 31.245 31.262 0.0005
T 47 25 29.706 30.714 30.792 30.798 0.0002
T 57 25 30.575 30.89 30.914 30.916 0.0001

after time = 40 sec.

TZ = 35.094 + 0.376T{} + 0.156TF + 0.156T} = 60.668 + 0.156T7
T} = 3.899 + 0.376T4 + 0.156T# + 0.156T! + 0.156TZ + 0.156T4
TZ = 3.899 + 0.376T1 + 0.156T¢ + 0.156T4 + 0.156T7 + 0.156T}
TZ = 3.899 + 0.376T} + 0.156TZ + 0.156T3 + 0.156TZ + 0.156T<

= 30.081 + 0.156T# + 0.156T%
= 25.820 + 0.156T% + 0.156T/
= 25.181 + 0.156T% + 0.156TZ

TZ = 4.107 + 0.376 T2 + 0.312T7 + 0.312T} = 25.343 + 0.312T}

_ tnew — told
error =
tod

i 0 1 error 2 error 3 error 4 error
T 172 53.749 66.027 0.2284 67.727 0.0257 67.924 0.0029 67.953 0.0004
T 272 34.357 45.255 46.522 46.707 46.741 0.0007
T 3172 31.262 37.682 38.672 38.862 38.88 0.0005
T 472 30.798 35.88 36.911 36.991 36.998 0.0002
T 572 30.916 36.535 36.857 36.882 36.884 0.0001
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